Abstract. Let P be a finite set of points in general position in the plane. Let C(P) be the convex hull of P and let C i P be the ith convex layer of P. A minimal convex set S of P is a convex subset of P such that every convex set of P ∩ C(S) different from S has cardinality strictly less than |S|. Our main theorem states that P contains an empty convex hexagon if C 1 P is minimal and C 4 P is not empty. Combined with the Erdős-Szekeres theorem, this result implies that every set P with sufficiently many points contains an empty convex hexagon, giving an affirmative answer to a question posed by Erdős in 1977.
Introduction
In 1935 (see [3] ) Erdős and Szekeres proved the following important result:
The Erdős-Szekeres Theorem. For every k ≥ 3 there exists a minimum positive integer N (k) such that every set of at least N (k) points in general position in the plane (i.e., no three on a line) contains k points which are the vertices of a convex k-gon.
In the same paper they made the following conjecture:
The Erdős-Szekeres Conjecture. N (k) = 2 k−2 + 1.
The best known bounds on N (k) are 2 k−2 + 1 ≤ N (k) and N (k) ≤ 2k−5 k−2 + 1 (in [4] and [11] , respectively). See [1] and [8] for a survey of problems and results connected to the Erdős-Szekeres theorem.
In 1977 (see [2] ) Erdős posed the following related problem:
The Empty Convex Polygon Problem. Is there a minimum positive integer H (k) such that every set X of at least H (k) points in general position in the plane contains 390 C. M. Nicolás k points which are the vertices of an empty convex k-gon, i.e., the vertices of a convex k-gon containing no points of X in its interior?
It is known that H (4) = 5 and H (5) = 10 [6] . On the other hand, in 1983 Horton showed that H (k) does not exist for k ≥ 7 [7] . In [9] Overmars exhibited a set of 29 points, the largest known, with no empty convex hexagons. He also conjectured that any such set can have at most seven extreme points in its convex hull. This conjecture, which turned out to be wrong, was the starting point of our work.
In the present paper we settle the question of the existence of H (6) , which is the only case that remained open from the original empty polygon problem. We show that for any finite set of points in general position, if the set contains a sufficiently large convex subset, then it also contains an empty convex hexagon. Therefore, by the Erdős-Szekeres theorem, the result follows:
The Empty Hexagon Theorem. H (6) is finite.
We obtain the bound H (6) ≤ N (25). An independent result of Gerken (see [5] ) gives the better bound H (6) ≤ N (9).
Preliminaries
Throughout this work, all the sets of points are in general position.
Let C(P) denote the convex hull of P and let E(P) be the set of vertices (extreme points) of C(P). Inductively define the ith convex layer of P by
P . An empty convex set of P is a subset S of P such that S is convex and C(S) ∩ P = S. We say that P contains an empty convex k-gon if it contains an empty convex k-set.
A convex subset S of P is a minimal convex set of P if every convex subset of P ∩ C(S) different from S has cardinality strictly less than |S|.
Given two distinct points p, q of P, let H( p, q) be the closed half-plane to the left of the directed line through p and q. For a sequence p 1 , . . . , p k of points in P with
If S is a convex set, an edge of S is any 2-sequence p, q with p = q such that q immediately follows p when the elements of S are listed in cyclic clockwise order. If p, q is an edge of S, we also say that p and q are consecutive.
We begin by showing a simple property that C 2 P satisfies when C 1 P is minimal.
) is a convex set contained in C(C 1 P ) with at least as many points as C 1 P and different from C 1 P , contrary to the minimality of C 1 P (see Fig. 1(a) ). The existence of H (5) follows immediately from Theorem 1.
Theorem 2. H (5) ≤ N (6).
Proof. Let R be a set of points in general position. Suppose |R| ≥ N (6), so that R contains a convex 6-set. Let S be a minimal convex 6-set of R. Let P = R ∩ C(S). Clearly, C 1 P = S and C 1 P is a minimal convex 6-set of P. There are three cases. If |C 2 P | ≥ 2, let p and q be consecutive points of
contains an empty convex 5-set of P and also of R. If |C 
Hence, three points of C 1 P together with either r, p , s or s, q , t form an empty convex hexagon in P, where p and q are respectively points in C 3 P ∩ C(r, p, s) and C 3 P ∩ C(s, q, t) such that {r, p , s} and {s, q , t} are empty.
The Proof
Let r, r and q, q be edges of C 2 P and C 3 P respectively. We say that r, r and q, q can be matched if the interior of C(r, r , q, q ) is contained in C(C
Note that if r, r and q, q can be matched, then {r, r , q, q } is an empty convex 4-set. Similarly, the edge r, r (resp. vertex r ) of C 2 P can be matched to the vertex q (the edge q, q ) of
Now let r, r and r , r be two consecutive edges of C 2 P that can be matched to the edges q, q and q , q of C 3 P , respectively. These matchings are order-preserving if the interiors of C(r, r , q, q ) and C(r , r , q , q ) are disjoint. Note that in this case we obtain that the regions In what follows, every matching of consecutive edges of C 2 P is going to be order-preserving, a fact that is easy to check and that justifies all the claims about C 1 P being covered by regions induced by given matchings.
The next theorem is our main result. 
We say that r j can be matched to the left if r j−1 , r j and q i j , q i j +1 can be matched. Similarly, r j can be matched to the right if r j , r j+1 can be matched to
). When r j can be matched to the left, the set L r j satisfies the following property that will be used repeatedly: if |C 1 P ∩ L r j | ≥ 2 then P contains an empty convex hexagon. The set R r j satisfies a similar property, provided that r j can be matched to the right. Also note that if r j 0 cannot be matched neither to the left nor to the right for some j 0 , then there exists an empty convex hexagon by Theorem 3. Now we single out a situation that constitutes the core of this proof.
Case I. Suppose there exist b, k ∈ {0, . . . , n − 1} such that:
(ii) r b+h can be matched to the right for every 0 ≤ h ≤ k − 1. = {r j } for every j in {0, . . . , k}. In particular, |{i j , 0 ≤ j ≤ k}| = k + 1. In order to show that these conditions imply the existence of an empty hexagon, we need to distinguish three cases depending on k: The bounds on k together with (i), (iii) and (iv) imply that T = {r n−1 , r k+1 }∪{q i , i 0 ≤ i ≤ i k + 1} is a convex set with at least k + 4 elements. Note that r n−1 and r k+1 are distinct since k ≤ n − 3.
Let L be the sequence r n−1 ,
For each j satisfying |C 1 P ∩ R r j | ≥ 2, we obtain an empty convex hexagon. If
We are not done since r n−1 , r 0 , q i 0 or r k , r k+1 , q i k +1 might not be empty; for example, it could happen that q i 0 −1 ∈ C(r n−1 , r 0 , q i 0 ). Choosing q and q satisfying that r n−1 , r 0 , q and r k , r k+1 , q are empty and q ∈ C 3 P ∩ C(r n−1 , r 0 , q i 0 ), q ∈ C 3 P ∩ C(r k , r k+1 , q i k +1 ), we get that three points of C 1 P and r n−1 , r 0 , q or r k , r k+1 , q make an empty convex hexagon. Case I.B: k = n − 2. Let h = i k+1 , so r k+1 ∈ H(q h , q h+1 ). See Fig. 3 . By Theorem 3, we assume that |C 2 P ∩ H(q h , q h+1 )| ≥ 2. Therefore, either r k+1 , r 0 or r k , r k+1 can be matched to q h , q h+1 . Both cases can be handled in the same way, so suppose that r k+1 can be matched to the left, that is, r k , r k+1 and q h , q h+1 can be matched.
From (i), (iii) and (iv) it follows that {r k+1 ,
, by the minimality of C 1 P . Now, using (ii), Case I.C:
j=0 R r j , we get an empty hexagon if
Henceforth, we assume that |C
. By Theorem 3 there is another point of C The Empty Hexagon Theorem
In every case we obtain an empty convex hexagon. Now suppose that {r 1 , r k−1 } ⊂ H(q i 0 +1 , q i 0 −1 ). Without loss of generality, assume that r 1 ∈ H(q i 0 +1 , q i 0 −1 ).
These conditions imply that R r 0 ⊂ V
, which in turn implies that P contains an empty convex hexagon when |C
However, |C
Again in each case we get an empty convex hexagon.
Case II. Assume Case I does not hold.
This situation can be broken down into three cases according to the maximum number of points of C 2 P in the sets V
If r j can be matched to the left for every j, then
By the minimality of C 1 P we have that |C If none of the above happens, then r b cannot be matched to the left for some 0 ≤ b ≤ n − 1. Take k ≥ 0 to be the maximum integer such that r b+h can be matched to the right for every 0 ≤ h ≤ k − 1. Then necessarily 0 ≤ k ≤ n − 1 and r b+k cannot be matched to the right. Therefore we are back in Case I, contrary to our assumption.
Case II.B: If
Let ∈ D, so i −1 = i . Clearly, r can be matched to the left and i = i +1 .
Let s = max{0 ≤ s ≤ t | r +h can be matched to the left for all 0 ≤ h ≤ s }. If s < t, then r +s+1 cannot be matched to the left. By Theorem 3, we may assume it can be matched to the right. Let g = max{s + 1 ≤ g ≤ t | r +h can be matched to the right for all s + 1 ≤ h ≤ g }.
We claim that necessarily g = t. Suppose g < t. Then, taking b = + s + 1 and k = g − s, the four conditions of Case I are satisfied, contrary to our assumption.
Hence r +h can be matched to the left for all h ∈ {0, . . . , s}, and to the right for all h ∈ {s + 1, . . . , t}. Note that only the edge r +s , r +s+1 remains to be matched, which 396 C. M. Nicolás can be done using a vertex in C 3 P . Letī, i +s + 1 ≤ī ≤ i +s+1 , be such that r +s , r +s+1 and qī can be matched.
Therefore, 
| ≥ 3 for somē  ∈ D, which implies that P contains an empty convex hexagon.
Hence, three points of C 2 P together with q k , q k+1 and p form an empty convex hexagon, where p is any point in P ∩ C(q k , q k+1 , p) such that {q k , q k+1 , p } is an empty 3-set.
The finiteness of H (6) follows immediately from Theorem 4.
Corollary. H (6) ≤ N (25).
Proof. Let R be a finite set of points in general position. Suppose |R| ≥ N (25), so that R contains a convex 25-set. Let S be a minimal convex 25-set of R and let P = R ∩ C(S). Clearly, C Any upper bound on H (6) gives a linear lower bound for the number of empty convex hexagons in the set R. More precisely, let g k (R) be the number of empty convex k-sets contained in R. Let f k (n) = min{g k (R) | |R| = n}. Note that f 7 (n) = 0 by Horton's result. It is not difficult to find quadratic lower bounds for f 3 (n) and f 4 (n), while it is
